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In transmission electron microscopy, mlcrovessels (MVs) are
studied as profiles on ultrathin sections. To determine MV sizes
from measurements made on MV profiles, an assumptlon must
be made about MV shape, a circular cylinder being used to
approximate the latter on limited lengths. However, this model
Is Irrelevant In case MVs have some flatness. The elliptical cyl·
Inder model Is preferable, although relationships between the
cylinder profile (two-dlrnenslonal: 20) and Its true (three­
dimensional; 30) sizes are not yet known. We have obtained the
20/30 functions that express the relationships between such
profile sizes as the minor radius (V), major radius (X), axial ratio
(XIV), area (S), and perimeter (P) on the one hand, and the cor­
responding MVsizes (Vo,XO, XJY0' So, and Po)on the other. The
20/30 functions make It possible to derive elliptical MV sizes
from section profile size distributions, probability density func­
tions (POFs) for the latter being determined. We have applied
the 20/30 functions In studying axial ratios of thyroid hemo­
capillaries. A factual XIV frequency histogram has been con­
struetedand fitted by theoretical XIV POFs plotted for different
sets of capillary sizes. The thyroid capillaries have been re­
vealed to be clustered, 72.7%of them having XJY0'" 1.6, 17.6%,
XJY°'" 1.0, and 9.7%, XJY°'" 3.2. The proposed technique Is
Instrumental In precise modeling of microcirculatory network
geometry. Exp Bioi Mad 228:84-92.2003

Key words: stereology;ellipticalcylinder; microvessel shapemodel;
size distribution; thyroid gland

I
n the body organs, microvessels (MVs), blood and lym­
phatic vessels with radii of up to 100-150 urn, form
microcirculatory systems that ensure a selective supply

of necessary substances to the cells and remove catabolic
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wastes into circulation. In the endocrine glands, MVs are
additionally involved in hormone transfer to systemic cir­
culation. Physiologically, microcirculation is so important
that MVs are certainly a vital area of research in experi­
mental biology and medicine. Transmission electron mi­
croscopy (TEM) remains one of the main methods for
studying MV ultrastructure. With TEM, the size parameters
of MVs and of their components are measured on section
profiles.

Stereological design-based methods do not require as­
sumptions about object shapes, and they find an increas­
ingly wide use in modem research (e.g., Ref. 1). Currently
available design-based methods are meant, above all, for
unbiased estimation of the number and volume of particles
of arbitrary shape. As for estimating sizes of section profiles
of elongated objects including MVs, existing design-based
methods cannot be applied. Therefore, model-based meth­
ods continue to be used in studies of MV size distributions.
Specifically, correction coefficients are introduced to mini­
mize the bias caused by nonperpendicular sectioning of
MVs (2-4). This makes it possible to determine MV sizes
from measurements of their section profiles, the shape of a
MV on limited lengths of its basal surface being approxi­
mated by a straight circular cylinder. Confident enough es­
timates of MV sizes can be achieved, their accuracy being
comparable with that of MV shape approximation.

However, MVs cannot always be regarded as circular
cylinders. They may have a significant ellipticity of perpen­
dicular section profiles. Although we have found only one
article whose findings experimentally prove this point of
view (Ref. 5: venular MVs in the pig heart are studied by
optical sectioning, i.e., by changing the focal plane through
the thickness of the histological section; their mean axial
ratio is equal to 1.32 [postcapillary venules] or 1.38 [ve­
nules of the next orderD, general considerations suggest that
microcirculatory networks might be capable of acquiring an
ellipticity in the regions of comparably low blood or lymph
hydraulic pressure, as well as in places of increased outer
pressure brought to bear by the surrounding tissue. Conse­
quently, the revealed ellipticity of the coronary venules can



hardly be a single case. The fact that we have not found any
other relevant data on the ellipticity of MVs can be ex­
plained by difficulties in determining MV sizes by such a
conventional method as TEM which produces a properly
magnified image and gives no bias owing to size visual
estimation in optical sectioning.

Taking the above into account, an elliptical cylinder is
undoubtedly preferable to a circular one in describing MV
shape on limited lengths of MV basal surface. This model is
indispensable when an MV is estimated to have an elliptic­
ity of its profile obtained by sectioning perpendicular to the
MV longitudinal axis (hereafter the cross-sectional profile).
Besides, because this elliptical cylinder model is more gen­
eral, it should be chosen in case there is no information on
characteristic MV shape. The model treats MVs with circu­
lar profiles as elliptical cylinders of zero eccentricity. Nev­
ertheless, despite all its benefits, the model practically finds
no application, and the main reason for this seems to be the
unknown relationships between the true (or 3-dimensional,
3D) and the section profile (or 2-dimensional, 2D) sizes in
the elliptical cylinder model. As a result, it remains impos­
sible to determine MV sizes or size distributions on the
basis of the size distributions of randomly orientated MV
profiles. The aim of this paper is to define these relation­
ships and to make recommendations as to their applications.

The article consists of several parts. Part 2 presents the
basic assumptions, as well as the central problem to be
solved, i.e., how to define the functions that characterize the
relationships between section profile sizes and the sizes of
an elliptical MV (hereafter the 2D/3D functions). Part 3
deals with the central problem in connection with such size
parameters as the minor radius, the major radius, the axial
ratio, the area, and perimeter of a MV profile. Then, the
distribution functions for the size parameters of section pro­
files are defined on the basis of the 2D/3D functions (Part
4). Part 4 also describes the statistical distributions of the
profile sizes obtained for three-dimensionally isotropic
MVs of different ellipticity. Cases of MY anisotropy are not
considered in detail here, as this goes beyond the scope of
our paper. Part 5 touches upon practical applications of the
proposed technique, as well 'as gives an example of the
stereological reconstruction of MVs in the rat thyroid. Fi­
nally, there follows a general discussion in Part 6.

The Model and the Problem
Basic Assumptions. (AI) The biological tissue

specimen !l under study is intersected by a plane probe A,
and in the section !lilA, we can observe MY profiles. Of
the sizes by which the section profiles could be described,
we shall look at the minor radius Y, the major radius X, the
axial ratio XIY, the area S, and the perimeter P of the
section profile. The MV sizes will be designated as Yo, Xc,
XolYo, So, and Po' respectively. The sizes of the cross­
sectional profiles are the same as the MY sizes; in this case,
Y = Yo, X = Xc' x/Y = XoIYo, S = So' and P = Po.

(A2) The shape of a MV on its limited lengths compa-

rable with the Xo value can be approximated by an elliptical,
or in some particular case, by a circular cylinder. The ir­
regularity of the outer, or basal, MY surface being negli­
gible, it does not prevent the radii Y and X from being
measured on the section.

(A3) The radius of a MV curvature on its longitudinal
axis in the vicinity of a sectioning plane is greater than Yo
by at least several times, i.e., the MY fragment being sec­
tioned is not very curved.

To sum up, a MV is probed stereologically. The shape
of a MV on its limited lengths is approximated by an ellip­
tical cylinder with a longitudinal axis that is relatively
straight in the vicinity of a sectioning plane. Numerous
microanatomical data presented in the literature (e.g., Ref.
6) suggest that this shape model takes care of most MVs in
different organs and tissues.

The Problem. In this study, the central problem is to
identify the functions Y = Y(Xo,Yo,A), X = X(Xo,Yo,A),
X/Y = x/Y(Xo,Yo,A), S = S(So,A), and P = P(Xo,Yo,A),
by means of which the sizes and/or the size distributions of
elliptical MVs can be determined on the basis of size dis­
tributions of their section profiles.

Deducing the 20/30 Functions
Let us take a single cylindrical MV whose cross-section

is an ellipse, or in some particular case, a circle. The mutual
orientation of the MV and the sectioning plane A (Fig. 1) is
described by two angles a and 'P, where a (ae [0, 7T/2]) is
the angle between the MY longitudinal axis and a perpen­
dicular to A, and II' (q>e [0, 7T]) is the angle between the

Figure 1. Angles defining the mutual orientation of a MV and a
sectioning plane. (A) Sideviewof the MVfragment. The sectioning
anglelX (lXe [0, 1T/21) is the angle between the MV longitudinal axis
andthe perpendicular to the sectioning plane A. (B)Viewof the MV
from above (thesection profile). Theellipse withradiiXoandYo is the
cross-sectional profile. Its sizes arethesame as the MVsizes. If the
MVis sectioned in thedirection Dir(A), the initialprofile becomes an
ellipse with radii X and Y. The angle lp (lpe [0, 1T1) is the angle be­
tween the major radius Xo and the sectioning direction. This angle
defines the direction of the profile stretching in the MV sectioning
through the anglen, (C) Schematic view of the MV, the sectioning
plane A, andtheangles lx andlp in3-Dspace. Onthecross-sectional
profile (shaded), marked are the MV sizesXo and Yo. Dir(Ao) is the
direction of the major radius Xo on the MV cross section. The sec­
tioning of the MV in an arbitrary direction Dir(A) produces another
elliptical profile, its majorandminorradii being X andY. respectively.
Shown is the impact of the angles ix and Ip on the resulting differ­
ences between the sectioning directions Dir(Ao) and Dir(A). The
direction Dlr(Aoh is the projection of Dir(Ao) on the plane A. In
calculations, MV shape was approximated by an elliptical cylinder
onlyon limited lengths comparable withthe Xovalue. For illustrative
purposes, this is not so in the figures.
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After its substitution into (5), we can write down:

Let a quantity Ao be:

{
Xo = x",cos<p - y",sin<p

Yo =x;sin<p + y",cos<P.

After the substitution into E~u~ion 2, we have for the el­
lipse Eo in the coordinates OX<pY<p

To give the direction of ellipse Eo stretching, which is due
to the MV sectioning, let us rotate the coordinate system
~~ . ~~

OXoYo through angle <p. Thus, we obtain t~ ~stem OX",!",
(Fig. 2B). The coordinates in the systems OXoYo and OX",Y'"
are connected by the formulae:

S =Solcoso ='TlXoY0/coso. (1)

The functions Y = Y(Xo'Yo,A), X = X(Xo,Yo,A)"XIY =
XIY(Xo,Yo,A), and P = P(Xo,Yo,A) are defined in a more
complex way because they depend not only on the section­
ing angle a, but also on the sectioning direction. For in­
stance, the equation X = Xolcosa is true only when Dir(A)
and the direction of the major radius Xo are the same, i.e.,
<p = O. With any other <p values, X will be less than Xol
cosa.

To define the functions Y = Y(Xo,Yo,A), X =
X(Xo,Yo,A), XIY = XIY(Xo,Yo,A), and P = P(Xo,Yo,A),
let us take the MV cross-sectional profile as the ellipse Eo in

-> -> ~

the coordinate system OXoYoLo with the beginning in the
center of the ellipse Eo (Fig. 2A). The axis OZo is
perpendicular to the sectioning plane A, the axes OXo and
OYo lie in A, and the radii Xo and Yo of the ellipse are

-> -> •
directed along the axes OXo and OYo' respectively. The set
of the ellipse Eo points is described by the equation:

major radius of the cross-sectional profile and the sectioning
direction Dir(A). So the central problem of the article, i.e.,
identification of the 2D/3D functions for the MV elliptical
cylinder model, may be reduced to defining the expressions
that describe relationships between the sizes of ellipses E
and Eo, where E is the ellipse obtained from Eo by means of
the latter's stretching in an arbitrary direction Dir(A).

First, we define the simplest of the sought functions,
i.e., the function characterizing the relationship between S
and So. The MV sizes are the same as those of the cross­
sectional profile. The latter is the orthogonal projection of a
random section profile on the plane, which is perpendicular
to the longitudinal axis of the MV. Thus, the sought func­
tion S = S(So,A) does not depend on <p and can be writ­
ten as:

(8)

(XO)2 (YO)2
Xo + Yo =1. (2)

By stretching the ellipse Eo presented in the coordinates
-=-t --.. -+

OX<pY<p by l/cosu nmes along the axis OX<p (Fig. 2B), we get
the ellipse E",.<p whose points satisfy the following equation:

cos
2a·

( y~2 - Ao'COS
2

<p )-X<p2

+ 2Aocosa 'sin<p'cos<p'xep'yep

(
1 2) 2+ Y
0

2 - Ao'sin <p 'yep =1.

Comparing the equations for the ellipses E",.ep (8) and E (9),
we obtain the system:

We might obtain the same ellipse E""ep by rotation through
the angle 'Y of some ellipse E whose radii X and Yare
directed along the axes OKoand OYo, respectively, It follows
from Equation 7 that for the ellipse E:

A B
Figure 2. MV section profilegeometry. (A) Sectioning of the ellipti­
cal MVby the planeA, whichis perpendicular to the 10ngitudi.!laJ.ta~s

'--of the MV,produces the ellipse Eo. The coordinate systemOXoy oZo
is shown, its beginning situated at the pointof intersection of the MV
longitudinal axis and the sectioning planeA, l.e., in the centerof the
ellipse.5.0' The.@dii Xoand Yo of the ellipse Eoaredirectedalongthe
axes OXo and Yo whereas .the longitudinal axis of the MV is along
Olo. (8) Th~ l&liptical cross-sectional profile E..q is shown in the co­
ordinates OXoYo. The c.,gordinate system OX,!,Y'!' is obtained by ro­
tationof thesystemOXoYothrough theangle<po Stretching theellipse
Eo by 1/COSll times along the axis OX,!, forms the ellipse Ea.'!" The
ellipseEa.'!' is alsoobtainable by rotation through theang~ 'Y of some
ellipseE with the radiiX andY directed alongthe axesOXoand OY0'

respectively. Notethat the direction of the major radius of the ellipse
Ea.,!, does not coincide with the direction OX,!" l.e., "«<p.

(
I 2 ) 2y 2 - A'cos 'Y ·x + 2A'sin'Y'cos'Y'x'y

(
1 2) 2 1 1+ -- A'sin 'Y 'y = 1 where A=---.y2 'y2 X2

(9)
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(15)

(20)

(18)

Moments (Mn) and central moments (J.Ln) of the statistical
distributions are defined in the standard way, e.g., for the
minor radius of a MV profile we have:

for the area:

J'lT/ 2J 2'IT [ XoYo ]CDF b = h b dG a
XlY() 0 0 [Y(Xo,YoA)]2'cosa' A( ,lp),

(17)

for the axial ratio:

f 'll' I2 J 2'11' [ XoYo ]
CDFx(b) = h Y(X Y A)' b dGA(a,lp),° ° cosa- 0' 0'

(16)

where h[Y(Xo,Yo,A), b] is .the Heaviside step function,
which is equal to I provided Y(Xo'Yo,A):5b or is equal to
ootherwise.

Similarly, we can get the CDFs for the major radius:

f

arceos(s()l'b)f 2'IT So
CDFs(b) = -, dGA(a,lp)

o 0 cosa

stretching lp make it possible to estimate any of the studied
size parameters, Specifically, the orientation of a MV
against a sectioning plane being described by the distribu­
tion function GA(a,lp), the following cumulative distribu­
tion function [CDF(b), or CDF] for the minor radius of MV
section profiles is determined by:

and for the perimeter of a MV profile:

CDFp(b) = f:12f:'II'h[
Y(Xo,Yo,A)' (19)

f
0

2'11' 2 X02'Y02'sin2~ ]
J I cos ~ + 2 4 d~, b dG;\(a,lp).

cos a{Y(Xo,Yo,A)]

The probability density functions (PDFs) for the studied
size parameters can be expressed as derivatives of the cor­
responding CDFs:

dCDFy dCDFx dCDFx/y
PDFy=~, PDFx =~, PDFx/y = db

(10)

(12)

(14)

(13)

~- ~'COS2'Y =cos2a.(_I__ ~0'COS2lp)
y 2 Y0

2

~'sin 'y'cos'y =cosa'~o'sinlp'coslp

I I
-- ~'sin2'Y=-- ~0·sin2lp.v? Y

0
2

The function is in its analytic form, which means that any of
its values is calculable in case Xo' Yo, and A are known. Xo,
Yo' and A may be defined either as constants or by random
quantities with given distributions, Specifically, the mutual
orientation of the MV and the sectioning plane A may be
described by the distribution function A = GA(n.e).

Similarly, we can define the function describing the
relationship between the profile major radius X and the true
major radius Xu. It will be more convenient, however, to use
the ellipse area formula (I). Hence, X makes up:

XoYo

Its solution is the expression relating the size Yo of the
initial ellipse Eo (or the minor radius of the cross-sectional
profile) to the size Y of the ellipse E"",!, obtained from the
ellipse Eo by its stretching by IIcosa times in the arbitrary
direction Dir(A) (or the minor radius of the random MV
profile), i.e., the sought function Y = Y(Xo,Yo,A):

[

X,,2(1 + I/eos2
", ) - (Xo' - Yo2)o(eos2'1' + sin2'1'/eos2

", )
y= 2 -

[Xo2(l + l/eos2",)-(Xo2-Yo2Heos2'1' +sin2'1' leOS2",))2 _ Xo2y 0
2 ] 0.'

4 eos2", •

(11)

Further, we define the sought function for the axial ratio:

X 'XoYo

Y - cosa-[Y(Xo, Yo' A)]2

where ~ is the angle characterizing the position of a point on
the ellipse contour against the major radius X.

and for the perimeter of the section profile:

f2'11'
P=Y'Jo

Statistical Distributions of the Sizes of MV
Section Profiles

As has been noted above, the mutual orientation of a
MV and a sectioning plane is described by the angles a and
lp, with a defining the degree of MV profile stretching, and
lp defining the direction of stretching. The known values of
Yo, Xo, the stretching degree lIcosa, and the direction of

Let us present graphically the distributions of the stud­
ied size parameters ofMV profiles. We shall examine cases
of different fixed ellipticity of the MVs given Yo = 1.0 and
x, is equal to 1.0, 1.5, 2.0, 3.0, 5.0, or 7.0. To plot the
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graphs, the function for the angles a and <p joint distribution
has. to be defined as well. This function GA(a,<p) could
describe the degree of anisotropy that is intrinsic to the
mutual orientation of a MV and a sectioning plane. The
deduced formulae imply the possibility of introducing any
distribution function as GA(a,<p) provided aE [0, 'TT/2] and
<pE [0, 'TT], e.g., Dirnroth-Watson function of the axial dis­
tribution was used by Cruz-Drive et al. (7) in the investi­
gation of the length and surface densities of skeletal muscle
capillaries. However, for illustrative purposes, we shall take
the simplest case, the one with zero anisotropy implying the
random independent orientation of MVs in tissue volume
along with the random independent orientation of sectioning
planes. Under these conditions, the angle a is characterized
by 3D isotropy, and its PDFex is equal to sino (PDF",=sinn,
aE [0, 'TT/2]; consequently, CDF",= l-coso). The angle <p
possesses 2D isotropy, which means that the distribution of
the angle <p is uniform (PDFlp = const, <pE [0, 'TT];'''hence,
CDFlp-<p). This case can be used, in the first place, to ana­
lyze thecharacteristic shape of the curves of the distribution
functions studied. It can also be of considerable practical
importance because abundant microanatomical data make it
possible to regard, on the first approximation, the MVs of

the endocrine glands, prostate, liver, spleen, lung, mammary
gland, pancreas, brain, autonomic ganglia, thymus, lym­
phatic nodes, spongy bones, and some other organs as three­
dimensionally isotropic (e.g., Ref. 6).

Under the defined conditions, the PDF curves have
been plotted for the studied size parameters of MV section
profiles (Fig. 3). The size class width was equal to 0.01. The
calculation error was notmore than 0.0075 of the charac­
teristic value for XIY and 0.0025 for the other size param­
eters under study. Each of the obtained curves demonstrates
an infinite maximum whose abscissa is equal to the true
value of the size. On the graphs of the PDFy (Fig. 3A), local
maximums have been found in the vicinity of Y = Xo, but
they are expressed only slightly, being almost indistinguish­
able from the abscissa axis provided Xo ;;:: 3.0. The local
maximums are due to the fact that the major radius Xo is
seen as the minor radius Y on the profiles considerably
stretched in the direction close to the minor radius Yo. In
addition to PDFs, Figure 3D demonstrates the CDFX/Y
curves. It should be noted that the vertical parts of these
curves correspond to the true values of the MV axial ratio.

The fact that the Y, X, XlY, S, and P distribution modal
values are equal to the respective true values Yo,XO, XJY0'

Figure 3. Size distributions of the MV section profiles. Shown are the plots of PDFs for the minor (A) and major (8) radii of the MV profiles,
the PDFx/y (C), the CDFx/y (D), the PDFsof S/So (E), and of the perimeter (F) at differentXofY0values. The shapeof the curveon the graph
E doesnot dependon XofYo' The interval (-00, 1) is not included in the argument area of the functions Y = Y(Xo,Yo,A), X = X(Xo,Yo,A), XIV =
XIV(Xo,Yo,A), and P = P(Xo,Yo,A) because the profileswith Y < 1.0,X < 1.0,XIV < 1.0,orP < 1.0do not occurwhenYo=1.0 and Xo~1.0. 5/So
cannotbe less than 1 either. The PDFcurveshavean infinitemaximumwhose abscissa is equal to the true valueof the size measured. The
CDFm curvesdisplaythe vertical partscorresponding to the PDFm maximums. Somepartsof the PDFcurves, especially on A, lie so close
to eachother that they are almostindistinguishable. The PDFy curvefor XofY0=1.0 is nonexistent because Y = 1 in this case. With the scale
used in this graph, the PDFy is close to zero when Y ;:: 3.0 (not shown).

88 ELLIPTICAL MICROVESSELS STEREOLOGY



So' and Po should be stressed because of its practical im­
portance. The mechanism of this phenomenon can briefly be
explained as follows. In spherical coordinates, with 0.~0,

the sphere region corresponding to the interval of the angle
'P values tends to a point. An infinite amount of 'P values in
the interval from 0 to 1T produces an infinite PDF. It follows
from this that plotting PDF curves for other size parameters
(e.g., a curvature of the profile contour) will give the modal
values equal to the true values of the sizes. This is so if the
PDF curve shapes are not changed greatly by the function
GA(o.,'P), i.e., MYs do not possess severe anisotropy.

Some Practical Aspects and an Example
The obtained 20/30 functions make it possible to cal­

culate the size distributions of section profiles for MYs of
any known sizes. The PDFs of Y, X, XIY, S, and P can be
determined, along with distribution function parameters in­
cluding the mode, mathematical expectation, variance, and
other moments of the distributions, with Yo' Xo, XcfY0' So'
Po, 0., and 'P being given as either constants or quantity
intervals described by some statistical distributions. For in­
stance, the PDF curves shown in Figure 3 have been plotted
for the three-dimensionally isotropic MYs of the fixed sizes.
The other model curves are obtainable in the same way.
Their comparison with the factual distributions of Y, X,
XIY, S, and P contributes to solving the practical task of
estimating the characteristic value of the sizes and the spe­
cial features of MY size distribution, which is the subject of
this paper.

Of great importance is the fact that PDF curves can also
be plotted for more complex cases in which the distributions
of Yo, Xo, XcfY0' So' Po, 0., and 'P could be different from
the ones given above. This might prove to be necessary if
any significant discrepancy should be discovered by the
researcher between the factual data and the model curves
plotted. It must be noted in this respect that when the size
parameter acquires some variance, the PDF maximum will
be smeared. The degree of this smearing will depend on the
variance value. Multiple maximums will appear in case of
discrete variants, or clusters, of MYs in the tissue. The
abscissa of each of the maximums will be equal to the
characteristic size value inside the cluster. As in unimodal
distribution, should there appear a size parameter variance,
each of the multiple maximums of the PDF curve will dem­
onstrate the smearing.

We have applied the proposed technique of determining
MY sizes in the study of thyroid perifollicular hemocapil­
laries. Our purpose was to estimate the characteristic value
(or values) of the MY axial ratio XoIYo. Four male albino
rats were selected for this study (body weight, 243 ± 11.3 g,
± SEM). With the animals under ether anesthesia, the speci­
mens of the thyroids were excised and consecutively fixed
in glutaraldehyde (2.5% for 2 hr) and osmium tetroxide (I %
for 1 hr) in cacodylate buffer (pH 7.4). Obtained on the
LKB microtome, the ultrathin sections were contrasted for
TEM by uranyl acetate and lead citrate. The H-300 micro-

scope (Hitachi, Tokyo, Japan) was used for section obser­
vation and morphometry. On microphotographs with the
final magnification of x1650, the minor Y and the major X
radii were measured on 100 randomly chosen capillary pro­
files (25 profiles from each rat). All measurements were
made manually by the same researcher.

Most of the MY profiles obtained were of a regular
enough elliptical shape. If they were to be approximated by
an ellipse of the same area, the X and Y values would
deviate from the measured ones by no more than 10%.
Other features of the profiles also suggested that in immer­
sion fixation the capillaries were not collapsed appreciably.
Specifically, red blood cells were rarely found in the cap­
illary lumen. Whenever they were actually present in the
lumen, they never filled the latter completely.

On the basis of the measurements, a histogram for the
frequency of XIY classes was constructed (Fig. 4). The
histogram had a maximum whose abscissa was equal to 1.6.
Then, a theoretical histogram of XIY was constructed for
the three-dimensionally isotropic capillaries with the axial
ratio of XcfY0 = 1.6 and zero variance of this size [Yar(Xoi
Yo) = 0]. The agreement of the factual data with the model
has been revealed visually. However, the factual frequency
of the profiles with 1.0 ::5 XIY<1.2 was higher than ex­
pected, and the X~8 value was high (X~8 = 45.425, P =
0.020 - the probability that the null hypothesis is true). This
suggested the presence of a cluster of circular MYs in the
thyroids. Indeed, the introduction in the model of a cluster
with circular capillaries (its size being equal to 19.5% of the
total number of the capillaries) increased the accuracy of the
fitting (X~8 = 22.428, P = 0.761). A still better fit to the
factual data was found when an additional cluster was in­
troduced with XcfY 0 = 3.2 to explain the outbreak at 3.2 es
XIY<3.4. We obtained X~8 = 18.124, P = 0.923, when
72.7% of the thyroid capillaries had the XoIYo = 1.6 flat­
ness, 17.6% were circular in their cross-sectional profiles
(XoIYo = 1.0), and 9.7% had the axial ratio of XcfYo =
3.2. The variance of the capillaries on XcfY0 inside the
clusters, as well as their anisotropy, was negligibly small. In
other words, the capillaries inside the clusters of the model
have the same XoIY0 values.

It is noteworthy that the quality of fitting of the thyroid
capillaries could be increased even with the current number
of section profiles. For example, this could be achieved by
introducing a certain variance inside a cluster with XcfY 0 =
1.6, which could explain it why factual frequencies are
somewhat higher than expected for size classes 1.4 ::5" XIY
< 1.6 and 1.8 ::s X/V < 2.0. In our case, however, the study
of thyroid capillaries is mainly of illustrative importance. A
special study based on more factual data will be the purpose
of the next paper.

Furthermore, it should be noted that the reconstruction
of the MY sizes from the size distributions of section pro­
files is also possible without constructing frequency histo­
grams, the moments and the central moments of the distri­
butions being used for this purpose. The accuracy of size
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Figure4. Distribution of axial ratiosof perifollicular capillary profilesin the rat thyroid. The factualdistribution (black bars)showsthe highest
frequency of the profileswithaxial ratios 1.4sXIY<1.6 and 1.6sXIY<1.8. Therefore, the modeof the factual distribution is located in thevicinity
of 1.6. A theoretical histogram was constructed for the three-dimensionally isotropic capillaries with XafY0 =1.6 and Var(XafY0) =0 (series
"1.6"). Its maximum doesnotachieve infinitybecause the histogram classwidth (=0.2) is largerthanzero.After introducing a clusterof circular
MVs (the clustersize equals 19.5% of the total numberof the capillaries; series"1.6 + 1.0"), the factual and the theoretical histograms are in
rathergoodagreement at P= 0.761. A still betterfit (P= 0.923) is foundwhen17.6% of the capillaries haveno ellipticity of the cross-sectional
profile (XafYo = 1.0); 72.7% have a flatnessXafYo = 1.6, and 9.7%, XafYo = 3.2 (series "1.6 + 1.0 + 3.2").

estimates obtained by the method of moments is smaller
because the moments of the second and higher orders are
usually estimated with large standard errors and with a se­
vere bias due to the missing profiles (e.g., Ref. 8). Besides,
the values of the moments may depend in a way on the
function GA(a,cp). Therefore, the method of moments
should be used only if rough estimates of the MV sizes are
to be obtained.

Discussion
Cylindrical objects are not infrequently found in living

organisms, as well as in natural and technical systems. So,
quite understandably, investigators pay considerable atten­
tion to their stereology. There are many publications on the
subject. Some are devoted to relationships between the sizes
of cylindrical objects and the sizes of their projections on a
plane (e.g., Refs. 9-12), which is typical of materials sci­
ences. Other papers examine relationships between the sizes
of cylindrical objects and the sizes of their section profiles
(e.g., Refs. 4 and 13-19). This approach is mainly applied to
biological and medical objects.

Most of the above-mentioned publications focus on the
stereology of circular cylindrical objects. Among the papers
that have come to our notice, only the ones by Hennig and
Elias (20) and Elias and Hyde (16) touch upon the stereol­
ogy of elliptical cylinders. The authors have looked at the
relationships between the 3D and 2D values, the latter were
defined on section profiles, for the axial ratio, which is one
of the size parameters we have studied. In Reference 20, the
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CDFx lY curves have been obtained for elliptical cylinders of
some fixed axial ratios. In Reference 16, the XfY histo­
grams for the true axial ratios equal to 1.0, 2.0, and 4.0 have
been constructed. These histograms have been suggested for
rough estimation of the ellipticity of a cylindrical object
under study by comparing them with the factual data. In
general, the findings in the articles referred to are in quite
good agreement with ours. But in Reference 20, the CDF Xiy
curves do not have the vertical parts and, therefore, the
maximal PDFs will not be infinite (compare Fig. 3, C and
D). This discrepancy may be accounted for by the degree of
statistical modeling accuracy achievable several decades
ago, as well as by a rather large size class width used by the
researchers.

In this paper, we present the technique for determining
elliptical MV size distributions on the basis of MV profile
size distributions. The defined 2D/3D functions underlie a
novel approach to stereological reconstruction in microan­
giology, making it possible to develop more precise models
of MVs and microcirculatory networks. The technique can
be applied to networks with any given kind of MV size
distributions. The obtained 2D/3D functions are universal
and can readily be used in different disciplines concerned
with estimating object sizes on their section profiles, in case
an object shape on its limited lengths is approximated with
the required accuracy by an elliptical cylinder. Thus, the
technique has a wide range of applications. The fact that it
is proposed to be used in MV studies is explained exclu­
sively by our research objectives.



The technique is classified as one of the model-based
methods that are, as is known, of diminished use in modern
research. However, its application in this case is justified
because none of the existing design-based methods can give
an idea of the size, let alone size distributions, of MY cross­
sectional profiles. This information is necessary to develop
structural and functional models of microcirculatory net­
works. Therefore, we have every reason to believe that this
technique will be widely used in microangiology.

The proposed technique is based on several assump­
tions about a MV shape. The first of them implies that MVs
on their limited lengths are studied as elliptical cylinders
with a relatively smooth basal surface. At the same time, the
irregularity of the MV contour, if any, only slightly restricts
the applicability of the technique. The POF curves of the
size parameters under study, and especially infinite maxi­
mums of the curves, are robust enough to a MV shape
deflection. The influence of this deflection decreases still
further due to the chosen procedure of the size distribution
fitting, which can reduce certain noises.

Furthermore, we have assumed in A3 that the sectioned
fragment of a MV should not be very curved. The radius of
a MV curvature on its longitudinal axis in the vicinity of a
sectioning plane should be greater than Yo by at least sev­
eral times. Otherwise, there will appear profiles of irregular
shape on which the radii can be measured only with a severe
bias. As a result, the factual distributions of the size param­
eters will differ from the expected ones. For this reason, the
proposed technique should not be employed -in studies of
glomerular capillaries and other MVs that regularly have an
expressed curvature. Still, the assumed absence of a marked
curvature does not make it necessary to view MVs as a set
of long straight cylinders. In most cases, such a description
of MVs would be erroneous and result only in unsatisfac­
tory fitting ofMV size distribution. Instead, we regard MVs
as a set of short, and relatively straight elliptical cylinders,
sectioned by planes at any point other than their ends. Cer­
tainly, long, straight cylinders can also be described by the
above set. More importantly, though, is the fact that the set
makes it possible to describe complex networks of MVs that
possess, specifically, a curvature along the longitudinal
axis. However, the curvature should not be too pronounced,
and there should be no other factors that could lead to a
significant deviation of section profile shape from an el­
lipse. Our belief is that such a description of MVs meets the
needs of modem microangiology.

One more assumption made in this paper concerns sec­
tion thickness. Because in A I, a plane probe has been used
to generate sections, the MV profiles are regarded as 20
objects. It should be noted that the assumption of section
zero thickness is not unusual for stereology (e.g., Refs. 21­
24). This is done to avoid biases emerging in calculations
when a section thickness and an object size should become
comparable in value. The considered case of the TEM of
MVs does not contradict Al because the thickness of an
ultrathin section (40 -:- 80 nm) is much smaller than any MV

minor radius Yo (2=2.0 I-Lm). In this connection, the pro­
posed technique seems to be a powerful tool in MV mod­
eling in view of the expected development of ultra-high­
resolution scanners in computed tomography, magnetic
resonance imaging, and confocal laser scanning micros­
copy. These apparatuses will produce MY profile images
corresponding to sections of very small or even zero
thickness.

In our calculations, we have used the single cylinder
approach, which is known to be the standard procedure in
stochastic geometry and geometrical probability. To bend
the shape model toward a reality in which a number of MVs
are studied, it is necessary to identify the distribution func­
tion of the size parameter under investigation and the dis­
tribution function of the angles G;\(ex,<p) that defines the
mutual orientation of a MV and a sectioning plane. For
example, the curves in Figure 3 have been plotted for the
profile size parameters, the sectioning of a single MV (or of
MVs of the same size) being random independent. This
model is ideal, but it serves as a starting point in factual data
interpreting. If need be, the required distributions of MV
sizes can be implicated, as well as the angular distribution
G;\(<x,<p) to define an anisotropy of studied MVs. This is
essential when the confidence probability P(X2

) is unaccept­
ably low.

The technique of stereological reconstruction we pro­
pose implies obtaining model distribution of the size or
sizes of MV section profiles that steadily approaches factual
distribution due to the introduction of complicating factors.
In our example, we started with constructing the XlY theo­
retical histogram for the three-dimensionally isotropic thy­
roid capillaries with the same axial ratio of XoIY0 = 1.6.
We then added a cluster of capillaries with XofY0 = 1.0.
Finally, the model XN distribution was refined by employ­
ing a small cluster of capillaries with XoIYo = 3.2. The
resultant model, which can be considered as a statistical
estimate of MYs under study, included three clusters of the
capillaries, their XoIY0 values inside the clusters being
fixed. By introducing the size clusters, we have complicated
the model, thereby increasing the confidence probability
P(X2

) , and therefore making it possible to better fit the XlY
factual histogram.

In other words, the procedure of MV factual size dis­
tribution fitting is iterative. Like in other iterations, in the
presence of all the substantial factors, the p(l) increment is
insignificant. In this case, the unexplained deviations of
section profile frequencies from the expected ones are
merely the stochastic model noise resulting from different
unaccounted-for factors. Among these are inaccuracies in
section profile measurements thatmay be due to the inad­
equate resolution of digitized profile images; deviation of
MV shape from the assumed one; and complexity of factual
size and/or angular distributions. Although noise analysis in
this novel type of MV structural models merits a separate
paper, if should be borne in mind that if the overall noise in
the resultant model is low, i.e., if P(X2

) is high, the impact
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of each disturbing factor can also, on the whole, be thought
of as.low. The concept of noise analysis in stochastic mod­
els used to evaluate the impact of disturbing factors has
been examined in considerable detail in our previous ar­
ticles devoted to the study of C-cell-blood calcitonin trans­
port in the rat thyroid (25, 26). In the present study of the
capillaries, the P(X2) value achieved was equal to 0.923.
This confidence probability is high enough for purposes of
approximation rather than for estimating statistical differ­
ences, which suggests that the conditions used in modeling
are quite adequate. Specifically, this is true of the shape of
blood capillaries in the rat thyroid, as well as of their size
clustering and three-dimensionally isotropic arrangement.

In conclusion, it should be noted that of particular in­
terest is the shape of the PDFX/ycurves for MVs with 1.0 <
XofYo :s; 3.0. In this biologically most relevant case of MV
ellipticity, the frequency histograms ofXIY seem to be very
similar to lognormal distributions often referred to-in sci­
entific literature (e.g., Refs. 27 and 28). However, the XlY
distributions are not lognormal. Their maximal PDFs are
equal to infinity, whereas lognormal distribution has a finite
maximal PDF value. There are also some differences in the
curvature of the PDFX/y and CDFx N lines, as well as in
their asymptotics. If disregarded, these differences could
result in significant errors in MV modeling.
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